Chiral symmetry breaking and 6 vacuum 
structure in QCD 

G. Morchio 
Dipartimento di Fisica, Universita di Pisa, 
and INFN, Sezione di Pisa, Pisa, Italy 

F. Strocchi 
Scuola Normale Superiore, Pisa, Italy 
and INFN, Sezione di Pisa 



Abstract 

The solution of the axial U(l) problem, the role of the topol- 
ogy of the gauge group in forcing the breaking of axial symmetry 
in any irreducible representation of the observable algebra and 
the 6 vacua structure are revisited in the temporal gauge with at- 
tention to the mathematical consistency of the derivations. Both 
realizations with strong and weak Gauss law are discussed; the 
control of the general mechanisms and structures is obtained on 
the basis of the localization of the (large) gauge transformations 
and the local generation of the chiral symmetry The Schwinger 
model in the temporal gauge exactly reproduces the general re- 
sults. 
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1 Introduction 

The solution of the £7(1) problem by the discovery of the 6 vacuum 
structure and its strong relation with chiral symmetry breaking has 
been one of the cornerstones in the theoretical analysis of the standard 
model of elementary particles. [2] [3] [4] 

The standard (and historically the first) arguments in favor of a 
non-trivial role of the topology relies on semiclassical approximations, 
in terms of boundary conditions of the classical field configurations and 
their effect in the (euclidean) functional integral. These results have 
been excellently reviewed by Coleman, [5] [6] who also pointed out 
the limitation of such arguments, since smooth field configurations, in 
particular those of finite action, have zero functional measure. The rel- 
evance of the classification of the (smooth) field configurations in terms 
of their pure gauge behaviour at space infinity, and of the correspond- 
ing winding number, is therefore a non-trivial mathematical problem, 
especially in the infinite volume limit. 

A decisive step in the direction of a mathematical control of the 
mechanism of 9 vacuum structure was taken by Jackiw, who empha- 
sized the role of the topology of the gauge group, without involving 
the classification of the gauge field configurations and thus avoiding 
the problem of the semiclassical approximation of the functional inte- 
gral. [7] 

Jackiw's analysis is done in the temporal gauge and the very peculiar 
features of such a gauge raise some structural mathematical problems, 
with a non-trivial impact on the general argument. The aim of this 
note is to present an analysis which does not suffer of mathematical 
inconsistencies and, in a certain sense, provides a mathematical glossary 
to Jackiw's strategy. 

The paper is organized according to the following pattern. 

As in the abelian case, the invariance of the vacuum under the gauge 
transformations generated by the Gauss operator implies a non-regular 
representation of the field algebra (Section 2). 

In Section 3, the non-trivial topology of the group Q of time indepen- 
dent gauge transformations is classified in terms of group valued gauge 
functions W(x) of compact support. 

This significantly simplifies the discussion with respect to the con- 
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ventional analysis, [7] [5] where the gauge functions are only required 
to have a limit, for |x| — > oo, independent of the direction (with the 
need of requiring for the analysis a faster than 1/r decay of the gauge 
vector fields A"(x)). Furthermore, the exponentials of the topologi- 
cal charge (in bounded regions), at the basis of the standard analysis, 
are shown to have vanishing matrix elements between vectors satisfying 
the Gauss law constraint and therefore a non-trivial impact of the large 
gauge transformations on the structure of the physical states requires 
further ingredients. 

In Section 4, it is argued that a crucial role for disclosing the physical 
relevance of the non-trivial topology of the gauge group is played by 
the fermions and the associated chiral symmetry. 

Following Bardeen, [8] we show that, contrary to statements ap- 
peared in the literature, the presence of the chiral anomaly does not 
prevent the chiral symmetry from being a well defined time indepen- 
dent group of automorphisms of the field algebra and of its gauge invari- 
ant (observable) subalgebra, generated by the operators V^(X), A e R, 
formally the exponentials of the charge density Jo (//?«#), J a denoting 
the conserved gauge dependent axial current . 

The solution of the U{1) problem (i.e. the absence of massless Gold- 
stone bosons associated to chiral symmetry breaking) is provided by the 
failure of a crucial hypotheses of the Goldstone theorem, namely the 
impossibility of writing the symmetry breaking Ward identities, since 
the vacuum expectations < Jo(fR&R) 4> ip >o do not exist, as a con- 
sequence of the non-regularity of the local implementers of the chiral 
symmetry, V^(A). 

The interplay between the topology of the gauge group and the chi- 
ral transformations which forces chiral symmetry breaking (in any ir- 
reducible, or even factorial, representation of the observable algebra) 
and gives rise to a non-trivial vacuum structure is clearly displayed un- 
der general assumptions. By assuming that the localized large gauge 
transformations may be implemented by unitary operators which are 
"functions" of fields with the same localization, we show that the non- 
trivial topology of the gauge group reflects in a non-trivial center of the 
algebra of observables, which is not left pointwise invariant under the 
chiral transformations (Section 5). 

The standard labeling of the irreducible (or even factorial) repre- 
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sentations of the observable algebra by an angle 9 e [0, n), (6 sectors) is 
obtained by analyzing the reducible representation of the field algebra 
defined by a chiral invariant vacuum and by a spectral decomposition 
over the center of the observable algebra. 

In Section 6, we consider a realization of the temporal gauge in 
which only a weak Gauss invariance of the vacuum is required, as dis- 
cussed in the abelian case. [9| As a consequence of the lack of Gauss 
invariance of the vacuum, the conserved axial current can be rep- 
resented by a well defined field operator and Bardeen analysis directly 
applies. 

Under the same assumption of implementation of the large gauge 
transformations by local operators, we show that, if the chiral symmetry 
is unitarily implemented, the vacuum defines a reducible representation 
7T° of the observable algebra; chiral symmetry is broken in each irre- 
ducibile component. Independently of the possibility of extending the 6 
vacua to non-positive weakly gauge invariant functionals on the field al- 
gebra, the chiral current does not exist in the physical representation 
space of the observable algebra, in particular in a 9 sector. 

It is worthwhile to stress that, contrary to statements appeared 
in the literature, the derivation of the physical consequences of the 
topology of Q crucially relies on the presence of fermions and their 
chiral transformations. The essential point, which distinguishes the 
abelian case from the non-abelian one, beyond the existence of the chiral 
anomaly, is the existence of a center of the local observable algebras, 
following from the topology of Q , which is not pointwise invariant under 
the chiral transformations. 

All the general results are exactly reproduced by the Schwinger 
model in the temporal gauge, analyzed in Section 7, both in the posi- 
tive non-regular realization with a Gauss invariant vacuum and in the 
indefinite regular (quasi free) realization, with the weak form of the 
Gauss law constraint. 
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2 Temporal gauge in QCD and Gauss law 

For the discussion of the non-perturbative aspects of QCD, in particular 
the 6 vacuum structure, its relation with the topology of the gauge field 
configurations and its role in chiral symmetry breaking, the temporal 
gauge has proved to be particularly convenient. 

However, as noted before for the abelian (QED) case, [9] the conflict 
between the Gauss law constraint and canonical quantization raises 
problems of mathematical consistency, which, as we shall see, affect 
the derivation of the general structures leading to significant physical 
implications. 

For simplicity, we start by considering the case with only vector 
fields (no fermion or scalar field being present). Then, at the classical 
level the QCD Lagrangean density reduces to the Yang-Mills form 

a a 

where in the temporal gauge, defined by A° a = 0, 

E a = -A a , B a = V x A a - \g] abc A b x A c , (2.2) 

(a is a color index and f abc are the structure constants of the Lie algebra 
of the color gauge group Q). 

The corresponding equations of motion, obtained by variations with 
respect to A , are 

d t E a = VxB a + gf abc A b x B c = (D x B) OJ (2.3) 

which imply 

d t G a = 0, G a = V -E a + gf abc A b -E c = (B-E) a . (2.4) 

The operators G a are called the Gauss law operators. 

In the standard quantum version of the temporal gauge it is assumed 
that the fields A a and their powers can be defined and quantization is 
given by the canonical commutation relations. 
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In particular one has the following commutation relations 

-i [ D • E (x, t), A 6 (y, t) } = 5 ab V5(x - y) + gf abc A c (x, t) 5(x - y). 

(2.5) 

-i[D-E (x,t), E 6 (y,t)] =^/ a6c E c (x,t)5(x-y). 

They state that the Gauss operators generate the infinitesimal time 
independent gauge transformations, <5 A , with A a (x) G <S(R 3 ) the c- 
number gauge function 

5 A A a (x) = VA(x) + gf abc A b (x) A c (x)). (2.6) 

Since the variables A° a are missing in the Lagrangean, one cannot ex- 
ploit the stationarity of the action with respect to them and therefore 
one does not get the Gauss law G a = 0. Actually, the Gauss law is 
incompatible with eq. (2.5) and therefore with canonical quantization 
and more crucially with the Gauss operator being the generator of the 
time independent gauge transformations, eq. (2.6). 

A proposed solution of this conflict, widely adopted in the litera- 
ture and in textbook discussions of the temporal gauge, is to require 
the Gauss law constraint as an operator equation on the (subspace of) 
physical states and, in particular, on the vacuum state. However, such 
a solution is not mathematically consistent. In fact, the vacuum expec- 
tation of eq. (2.6) gives zero on the left hand side and non-zero on the 
right hand side. 

It has been proposed [7] [TO] to cope with this paradox by admitting 
that the vacuum vector is not normalizable. In our opinion, such a 
solution is not acceptable, because it does not yield a representation of 
a field algebra containing both gauge dependent and gauge independent 
fields. 

A mathematically acceptable solution for the Gauss law constraint 
is to adopt a Weyl quantization and admit non-regular representations. 

As a preliminary step in this direction, we recall that from a math- 
ematical point of view the quantum fields are operator valued distri- 
butions and a smearing with test functions (typically infinitely differ- 
entiable and of compact support) is needed for obtaining well defined 
Hilbert space operators. Therefore, we consider the field algebra gen- 
erated by the polynomials of the smeared fields A l a (f), f G 5(R 4 ); we 
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shall assume that by a suitable point splitting procedure one can con- 
sider as field variables the powers of A a (x) and its derivatives, like e.g. 
the Gauss operator G a (g), the "magnetic" field B' l a (g), g G 5(R 4 ), etc. 

We then take the polynomials of such field variables as a local 
(Borchers) field algebra transforming covariantly under the space 
time translations a y , y G R 4 , 

«y(4(/)) = 4(/y), f y {x) = f{x-y). 

In order to simplify the bookkeeping of the indices, it is convenient 
to introduce the following notations: T a denote the hermitean repre- 
sentation matrices of the Lie algebra of the gauge group, normalized so 
that Tr T a T b = 5 ab , the field A\x) = J2 a A i Ta are Lie algebra valued 
distributions on Lie algebra valued test functions P(x) = J2 a fa( x )T a , 

A(f) = J d'xTv(A(x)f(x)) = J d*xJ2K(x)fl(x). 

i,a 

Unless otherwise stated, in the following the sum over repeated space 
and gauge indices will be understood. 

With this notation the time independent gauge transformations ctu 
are labeled by gauge group valued unitary C°° functions W(x), which 
may be taken to differ from the identity only on a compact set Ku, and 

afc(A(f)) = A(WfZO +UdU~ 1 (f) : (2.7) 

UdU- x {i) = I d 4 x Tr(^W(x)^W- 1 (x)f l (a;)). 
J i 

The (space-time) localization of U is given by the cylinder Cu = 
K u x R, so that a w (A(f)) = A(f) if suppf n C u = 0. 

We denote by U x , A G R, the gauge functions corresponding to 
one-parameter subgroups of the gauge group. They can be written in 
the form W A (x) = e lXg ^ with g = Xlafi , a( x )^ a a Lie algebra valued 
function, infinitely differentiable and of compact support (g a G £>(R 3 )). 
All gauge transformations of compact support in a neighborhood of the 
identity, in the C°° topology, are of this form; they generate the Gauss 
subgroup Qq of the gauge group Q. 
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For discussing the Weyl quantization one has to consider the ex- 
ponential field algebra Tw generated by the unitary operators W(f), 
P = J2 a f l a( x ) Ta i fa e ^(R 4 ), formally the exponentials e iA ^\ and by 
unitary operators V(U X ), representing Go, formally the exponentials of 
the Gauss operators, 

V{U x ) = e iXG ^\ G(g) = J2Ga(g a ), g a eV(K 3 ), 

a 

transforming covariantly under space translations. Their time indepen- 
dence formally follows if the dynamics a t is generated by local gauge 
invariant Hamiltonians Hr, so that 

{d/dt)a t (V(U x )) = i lim [H R , V{U X ) } = 0. (2.8) 

R— >oo 

The observable field subalgebra of J~w is characterized by its point- 
wise invariance under gauge transformations. 

A representation of Tw also defines a representation of T only if it 
is regular, i.e. if (the representatives of) the field exponentials W(Af), 
A G R define weakly continuous one-parameter groups. 

A state uj on the exponential field algebra J-'w, in particular a vac- 
uum state, is said to satisfy the Gauss law in exponential form, if 
uj{V{U x )) = 1, equivalently if its representative vector ty w in the GNS 
Hilbert space (defined by the expectations of J-'w on u ) satisfies 

V(U X ) ^ = \/U x . (2.9) 

Briefly, a vector state ^ satisfying eq. (2.9) is said to be Gauss invari- 
ant. An operator in 7i is Gauss invariant if it commutes with all the 
V(U X ). 

In the following we shall consider the realization of the temporal 
gauge defined by a vacuum state u satisfying the Gauss law. As in 
other interesting quantum mechanical models, like the electron in a 
periodic potential (Bloch electron), the quantum particle on a circle, 
the Quantum Hall electron, etc., the invariance of the ground state 
under a group of gauge transformations implies that the corresponding 
representation of the exponential field algebra is not regular. [H] 
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Proposition 2.1 A vacuum state u on the exponential field algebra 
Tw, satisfying the Gauss law, defines a non-regular representation of 
J^w, since : 

u(W(r)) = 0, if f(x)^0, (2.10) 
= 1, if f = 0. 

The fields A, formally the generators of the W{t), cannot be defined 
in the GNS Hilbert space defined by the vacuum expectations and in 
particular the two point function of the gauge potential does not exist, 
only (the vacuum expectations of) the exponential functions (and of 
course the gauge invariant functions) of A can be defined. 

In the free case, i.e. for vanishing gauge coupling constant, the ex- 
ponential field algebra becomes a Weyl field algebra, generated by the 
exponentials of A a and of its conjugate momenta E a , and eqs. (2.10) 
uniquely determine its representation as a non-regular Weyl quan- 
tization. 

Proof. For each P there is a one-parameter subgroup U x such that 
U X PU- X = p, and expiD^P) = exp (i U x dU- x {P)) ^ 1; therefore, 
by eq. (2.9), one has 

u{W{f l ) = u{V{U x ) W(f) V(U X )*) = e iD u^) 

and eqs. (2.10) follow. 

Clearly, the one-parameter groups defined by W(f) cannot be weakly 
continuous and therefore the corresponding generators, i.e. the fields 
A z a (f) do not exist as operators in the GNS Hilbert space defined by 
the expectations of Tw on ui. The free case can be worked out along 
the same lines as for the abelian case. [9] 

The Hilbert space Tt of the representation of Tw defined by the 
vacuum state o>, satisfying the Gauss law, contains a subspace Tt' of 
Gauss invariant vectors 

v(u x ) * = *, w g W, vw A . 

We denote by 7r the representation of Qq in Ti given by the V(U X ). 

It is worthwhile to remark that the local operator v(U x ) = V(U X ) — 1 
is non zero in Ti,, since V(U X ) implements the time independent gauge 
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transformations, corresponding to the one-parameter subgroups, which 
are non-trivial on Tw- Thus, the assumptions of the Reeh-Schlieder 
theorem, according to which a local operator which annihilates the 
vacuum must vanish, cannot be satisfied. 

One can easily check that the crucial point in the proof of the the- 
orem fails, namely Tw{0) ty , where Tw{0) is the exponential field 
algebra localized in the region O, is not dense in 7i. In fact, for any O 
disjoint from C u \, by locality one has 

(v(U x ) F W V Q , fw(0) * ) = (Fw*o, FwiP) v{U x Y * ) = 0, 

v(U x ) F W V ^ 0. 

Actually, the Reeh-Schlieder theorem does not apply because the rela- 
tivistic spectral condition fails in TL. In fact, the implementers U(a) of 
the space translations are not weakly continuous, since, as in the proof 
of Proposition 2.1, 

ou(W(f)U(a)W(-f)) = u(W(f) W(-f a )) = 

= e iD u x(t-ta) u ( W (f) W(-Q), 

so that the right hand side vanishes if a ^ and it is = 1, otherwise. 
The spectral condition for the Fourier transforms of the matrix elements 
of U(&,t) = U(&) U(t) is violated if there is strong continuity in t, since 
it would imply that, after smearing in time, the Fourier transform in 
a is finite measure and therefore continuity in a of the above matrix 
elements. 

It is worthwhile to remark that the one-parameter groups V(U X ) are 
not assumed to be weakly continuous in A; actually, continuity cannot 
hold if the global gauge group is simple and has rank at least two 
(as in the case of color SU(3)), since then one obtains the vanishing of 
u(W(f)V{U x )W{-f)), for A ^ 0, f*(x) = 5 ca f\x), U X PU' X = f\x)T\ 
[T a , T b ] =0, from the invariance of u; under the subgroup generated 
by T a , as in the proof of Proposition 2.1. Thus, in this case the Gauss 
law constraint can only be imposed in the exponential form. 
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3 Topology of the gauge group 

By definition, eq. (2.7), we consider localized gauge functions; they ob- 
viously extend to the one point compactification of R 3 , R 3 , which is 
isomorphic to the three-sphere S 3 , 

W(x) : R 3 ~ S 3 -> g. 

Such maps fall into disjoint homotopy classes labeled by "winding" 
numbers n 

n{U) = (247T 2 )- 1 J d 3 x£^Tr(W i (x)W j (x)W fe (x)) = J d 3 xn u {^), 

where Z^(x) = W(x)" 1 d t W(x). 

The gauge transformations with n^O are called /an/e gauge trans- 
formations. Those with zero winding number are called small; since 
they are contractible to the identity, they are products of U (x) which 
are close to the identity (in the C°° topology) and therefore are ex- 
pressible as products ofU x , i.e. they are elements of Qq. Clearly, all 
elements of Qq have zero winding number. 

The following analysis may be also applied to gauge transformations 
W(x) which are only required to have a limit for |x| — > oo, since they 
are of compact support modulo Gauss transformations U x with such 
a behaviour; only the existence of the corresponding Gauss operators 
V{U X ) is required, with no additional implications. 

In the above realization of the temporal gauge, the small gauge 
transformations are implemented by the unitary operators V{U X ) G 
Tw\ the next question is the implementability of the large gauge trans- 
formations and their distinction from the small on the Gauss invariant 
states. In fact, the non-triviality of the large gauge transformations on 
the physical space turns out to be a rather subtle question as displayed 
by the following Proposition. 

Proposition 3.1 A local field operator invariant under Gauss gauge 
transformations is also invariant under large gauge transformations. 

Any vector \& G TL' , in particular the vacuum vector, defines a state, 
i. e. expectations, on Tw invariant also under the large gauge transfor- 
mations. 
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Proof. In fact, given a gauge function U n (x) and its space translated 
by a, W"(x) = U n (x — a), the combined gauge transformations a^l o>u n 
and au n ct^l have zero winding number and therefore are small gauge 
transformations, say au and respectively. 

Then, for any local field operator F invariant under small gauge trans- 
formations one has 

<*Un( F ) = a u% a Uo {F) = auu(F), 

and for |a| sufficiently large, by locality ceug(F) = F. 
Quite generally, for any (local) operator F G Tw one has, for |a| suffi- 
ciently large, 

(*u n (F) = au^uxiF) = a K (F); 
by the Gauss invariance of u, this implies cj(au n (F)) = u(F). 

By a standard argument, the invariance of the vacuum under the 
large gauge transformations implies that the gauge transformations are 
implemented by unitary operators; they can be chosen to represent the 
gauge group Q, to coincide the V(U X ), for all Gauss transformations, 
and to transform covariantly under space translations. 

Furthermore, if, as we assume, the dynamics is generated by local 
gauge invariant Hamiltonians, the implementers commute with the time 
translations. The implementers are unique, up to phases, if the field 
algebra is irreducible in TC; in this case the implementers of the large 
gauge transformations are multiples of the identity in TC'. 

The above results indicate that the distinction between the small 
and the large transformations at the level of physical states is problem- 
atic and a crucial question is the implication, if any, of the non-trivial 
topology of the gauge group on the physical states, more generally on 
the representations of the observable algebra. 

One of the standard (and historically the first) arguments in favor 
of a non-trivial role of the topology of the gauge transformations re- 
lies on semiclassical approximations, in terms of boundary conditions 
of the classical field configurations and their effect on the (euclidean) 
functional integral. This approach has been excellently reviewed by 
Coleman, [5] who also pointed out the limitation of such arguments, 
since smooth field configurations, in particular those of finite action, 
have zero functional measure. 
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The relevance of the classification of the (smooth) field configura- 
tions in terms of their pure gauge behaviour at space infinity, and of the 
corresponding winding number, is therefore a non-trivial mathematical 
problem, especially in the infinite volume limit. The topological clas- 
sification is done in finite volume, but in the infinite volume limit a 
non-trivial instanton density implies, in the dilute gas approximation, 
that the functional measure is concentrated on configurations with di- 
vergent topological number. The association of the non-trivial topology 
with the existence of instanton solutions, which minimize the classical 
action and as such do not have compact support, is probably the reason 
why localized large gauge transformations have not been considered in 
the literature. 

As we shall see below, the presence of fermions plays a crucial role 
for the non-trivial effects of the topology of the gauge group. 

Another argument for the physical consequences of the gauge group 
topology has been proposed in terms of the topological charge. [7] The 
so-called topological current is formally defined by 

C»(x) = -(167rV^^(^p(a04r(aO - §A,(x) A p {x) A a {x)). 

(3.1) 

d^CHx) = -{l^ 2 )- l Tr*F^(x)F^(x) = V, 

where = (0, Ai), *F fll/ = e pupa F pa . In the mathematical literature, 
for classical fields, V is called the "Pontryagin density" and C M the 
"Chern-Simons secondary characteristic class". 

At the classical level, one has [7] the following transformation law 
of Co (a;) under gauge transformations ay, defined by eqs. (2.7), 

a u (C (x)) = C (x) - (87r 2 )- 1 ^[^ fc Tr(^W(x)W(x)-M fe (x))] +n M (x). 

(3.2) 

Therefore, at the classical level the space integral of C (x, X) is invari- 
ant under small transformations, but it get shifted by n under gauge 
transformations with winding number n. 

For the quantum case one meets non-trivial consistency problems. 
First of all the formal expression in the right hand side of eq. (3.3) 
requires a point splitting regularization. It is reasonable to assume 
that this can be done by keeping the transformation properties of the 
formal expression under large gauge transformations, eq. (3.4). 
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The next problem is the space integral of C (x). The space integrals 
of charge densities, even for conserved currents, are known to diverge 
and suitable regularizations are needed, including a time smearing (see 
eq. (3.5) below). In the case of conserved currents, under some general 
conditions one may obtain the convergence of a suitably regularized 
integral of the charge density, in matrix elements on states with suitable 
localization; [12J [13] [H] [IS] but in the general case the problem seems 
to be open. 

Actually, in the quantum temporal gauge an even more serious prob- 
lem arises by the gauge dependence of C^{x). By Proposition 2.1, the 
regularized space integral of Cq(x) 



where / fl (x) = /(|x|/i?), f(x) = 1, for \x\ < 1, = 0, for \x\ > 1 + e, 
^(^o) — ot(x /R)/R, J dx a(x ) = a(0) = 1, cannot exist as an op- 
erator in TC, only its exponential V c (f R aR), formally exp [iCo(fjiaji)], 
may be defined. Furthermore, as shown by the following Proposition, 
such exponentials have vanishing expectation on Gauss invariant states, 
i.e. their restriction to the physical states vanishes. 

Proposition 3.2 The operators V c (Xfua R ) , formally the exponentials 
exp [iX Co(fnaFi)} of the regularized space integrals Co^f^dR) ofCo(x), 
and therefore assumed to transform under gauge transformations as 
such exponentials, cannot be weakly continuous in X and therefore the 
field Co(f R ce R ) cannot be defined. 

Furthermore, the ^ c (/rQ!r) satisfy, for all Gauss invariant vectors 



Proof. In fact, if Co(/), / G ©(R 4 ), exists, by using the Gauss gauge 
invariance of the vacuum state u, the vanishing of u(Ak) by rotational 
invariance and eq. (3.4), one has 




(3.3) 



(*, V c (f R a R )$) = 0. 



(3.4) 



u(C (f))=u;(V(U x ))C (f)V(U x r 1 ) 
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Since for any / there is at least one U x (x) such that the last term on 
the right hand side does not vanish, one gets a contradiction. Thus, 
only the exponential of C (/) can be defined. 

Moreover, given f R one can find a small gauge transformation W(x), 
with 

W(x) = Wi(x) W 2 (x), n Wl + n W2 = 0, n Wl ^ 0, 

f R U 2 = l, f R Ui=Ui. 

Then, dif R djU = and the second term on the right hand side of 
eq. (3.4) vanishes; furthermore J d 3 i%(x)/fl(x) = n^- Hence, one 
has 

(% V c {f R a R ) $) = (% V{U) V c {f R a R ) V{U)- 1 $) = 
= e m «i V c (f R a R ) $) 

and eq. (3.4) follows. 

In conclusion, one cannot directly exploit the non-invariance of 
Co (a;) for proving a non-trivial action of the large gauge transforma- 
tions in H!\ it is essential to take into account the non regularity of 
expi Co(f R a R ), its non observability and the non-existence of the limit 
R — > oo. 

4 Chiral symmetry and solution of the U(l) 
problem 

The situation changes substantially in the presence of massless fer- 
mions, since the role of the topological current is taken by a conserved 
current; hence, there is a symmetry associated to it and the crucial 
point is its relations with the implementers of the large gauge transfor- 
mations. 

In this case, the Lagrangean, eq. (2.1) gets modified by the addition 
of the (gauge invariant) fermion Lagrangean and the Gauss operators 
become 

G a = (D-E) a - Jo \ j^ = ig^t a ip. 

The time independent gauge transformations of the fermion fields in 
the fundamental representation of the gauge group are 
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At the classical level, the Lagrangean is invariant under the one- 
parameter group of chiral transformations j3 x , A G R, 

/^) = e*»V, (3 x $)=iPe x ^, 75* = -7s, (3 X (A) = A. 

Correspondingly, there is a conserved current j b = ig'ipj 5 ^^ , the gauge 
invariant fermion axial current. 

In the quantum case, a gauge invariant point splitting regularization 
is needed for the definition of and this inevitably leads to an anomaly, 

d»jl = -2d^C„ = -2V. 

The conserved axial current is now the gauge dependent current 

its conservation being equivalent to the anomaly equation for j^. 

For the discussion of the Weyl quantization, we take as local expo- 
nential field algebra Tw the algebra generated by the operators ^(f), 
by the gauge invariant bilinear functions of the fermion fields and by 
the unitary operators V 5 (f), f G 5(R 4 ), formally the exponential of 

As shown by Bardeen [8j on the basis of perturbative renormaliza- 
tion in local gauges, the above (time independent) chiral transforma- 
tions of the fermion fields are generated by the quantum field operator 
J^(x) and not by the gauge invariant non conserved current ; the 
continuity equation of plays a crucial role in Bardeen analysis. 

This justifies our assumption that the exponential field algebra con- 
tains the (formally defined) exponential of the smeared field and in 
particular of the regularized integral of the charge density </q (/rO!r); 
the corresponding one-parameter group of unitary operators is denoted 
byVi(X)=V 5 (\f R a R ). 

With the same motivations given before, eqs. (2.7) are assumed to 
hold together with the following transformation law of V|(A) under 
gauge transformations: for R large enough so that /ij(x) = 1 on the 
localization region of W n (x), one has 



(4.1) 
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This relation formally reflects the transformation properties of C (/) 
and the gauge invariance of j'q. By the proof of Proposition 3.3, V|(A) 
is not weakly continuous in A and its formal generator </o (/#«#) does 
not exist. However, V^(A) act as local implementers of (3 X : in fact, 
since is conserved, most of the standard wisdom is available [16] and 
one has 

lim Vg(A)FV*(-A) =P\F), WF e F w . (4.2) 

It is important to stress that, thanks to locality, the above limit 
is reached for finite values of R, and that it preserves locality and 
gauge invariance. Thus, contrary to what is stated in the literature, the 
presence of the chiral anomaly does not prevent the chiral symmetry 
from being a well defined time independent automorphism of the field 
algebra Tw of its gauge invariant (observable) subalgebra. 

The loss of chiral symmetry is therefore a genuine phenomenon of 
spontaneous symmetry breaking and the confrontation with the Gold- 
stone theorem becomes a crucial issue, the so-called U(l) problem. 

The absence of parity doublets requires that the chiral symmetry 
be broken and the U{1) problem amounts to explaining the absence of 
the corresponding Goldstone massless bosons. 

As discussed above, one of the basic assumptions of the Goldstone 
theorem, namely the existence of an automorphism of the algebra of 
observables, which commutes with space and time translations is satis- 
fied. 

The second crucial property, needed the proof of the theorem, is 
the local generation of the symmetry by a conserved current at least in 
expectations on the vacuum state, i.e. 

< (3\A) > A=0 =< 5 5 (A) >= i lim < [ 4{f R a R ), A] > . (4.3) 

Since the chiral automorphism (3 X is C°° in A its generator 5 5 is well 
defined, but the problem is its relation with the formal generator of the 
unitary one-parameter group defined by the V^(A). 

As a matter of fact, even if [3 X can be described by the action of the 
local operators V|(A), eq. (4.2), the non-regularity of the one-parameter 
unitary group V|(A), prevents the existence of the corresponding gener- 
ator J|(/^«i?), so that one cannot write the symmetry breaking Ward 
identities and obtain the Goldstone energy-momentum spectrum. 
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Quite generally, one has 

Proposition 4.1 If uj is a gauge invariant vacuum state and A is an 
observable symmetry breaking order parameter, i.e. 

u(P\A)) ± lu(A) ± 0, 

(the standard candidate being ipip) then the expectations lo{ Jq (f R cn R ) A) 
cannot be defined and eq. (4-3) does not hold. 

Proof. In fact, otherwise, for R sufficiently large, one would have 

u(J 5 (f R a R ) A) = u(auM(fR<*R) A )) = w(J$(f R a R ) A) + 2n u(A), 

(4.4) 

i.e. a contradiction. 

Clearly, by Proposition 3.1, the above Proposition applies to the 
Gauss invariant state \l/o- The impossibility of writing expectations 
involving on a gauge invariant vacuum state, solves the problems 
raised by R.J. Crewther in his analysis of chiral Ward identities. [17] 

It is worthwhile to remark that, for the evasion of the Goldstone the- 
orem discussed above, the occurrence of the so-called chiral anomaly 
(which is present also in the abelian case) is not enough; the crucial in- 
gredient is eq. (4.1), which directly implies the non-regularity of the 
unitary operators V^(A) and the non-existence of the local charges 
Jl(f R oi R ) in expectations on a gauge invariant vacuum state. 

5 Topology, chiral symmetry breaking and 
vacuum structure 

The implications of the non-trivial topology of the gauge group on the 
breaking of the chiral symmetry crucially involve the chiral transforma- 
tions of the implementers of gauge group. Such chiral transformations 
do not follow merely from eq. (4.1), because eq. (4.2) applies to the ele- 
ments of the local field algebra and its extension to implementers, even 
if they are strong limits of elements of Tw-, is not uniquely defined. 
This problem does not arise if there are implementers V(U n ) belonging 
to the local field algebra. 
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Under this assumption, we shall first prove that the chiral symme- 
try is broken in any irreducible (or factorial) representation of the field 
algebra, as well as in any factorial representation of the observable alge- 
bra in the Gauss invariant subspace Tt 1 (we recall that a representation 
is factorial if the center of the strong closure consists of multiples of the 
identity there). 

We shall later show that the standard vacuum structure is obtained 
by analyzing the decomposition of 7i' into factorial representation of 
A (9 sectors), in the case of a reducible representation of the field 
algebra defined by a chiral invariant vacuum; a crucial ingredient for the 
derivation are the non-trivial chiral transformations of the implementers 
V(U n ), which uniquely follow from eqs. (4.1), (4.2), since they belong 
to the field algebra. 

The local structure of the gauge transformations imply that the 
implementers V(JA) commute with the fields localized in spacetime re- 
gions O disjoint from the spacetime localization region Cu of U; thus 
the V(U) are local with respect to the field algebra, with localization 
region of V(U) given by Cu- This locality property partly motivate the 
assumption of existence of local implementers, in the following sense. 

As it is standard, in the following the local field algebras TwiCT) 
and their gauge invariant ("observable") subalgebras A{0) are taken as 
strongly closed; Tw and A will denote their unions over O. For any 
bounded region O, the local algebra Tw{0) may be identified with 
the strong closure of the polynomial algebra generated by the field 
exponentials W(i), by the gauge invariant bilinear functions of the 
fermion fields and by the unitary operators V 5 (f); as it is standard, 
the center of JF^O) is assumed to be trivial. 

Then, we assume that if supp U is localized in O, the gauge trans- 
formation au may be implemented by a unitary operator V{U) E 
TwiP\ |18j Since the center of Tw{0) is trivial, such a local imple- 
menter is unique; in particular, for Gauss trasformations U x it reduces 
to the previously introduced Gauss operators. 

Then, we have 

Proposition 5.1 The local implementers V(U) of the gauge transfor- 
mations are of the form V(U)F^/q = au(F) Cu^o, where Cu com- 
mutes with J-'w and belongs to the strong closure of Tw ■ Cu n depends 
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only on n and on the Gauss invariant vectors one has 

V(U n )V = C n V, V$GH'. (5.1) 
The algebra generated by the C n is abelian and one has 

C n C m = C n+m . (5-2) 

Furthermore, one has 

i) for any O, there exist local operators C n (0) belonging to the local 
observable algebra A(0), satisfying [C n (0), A] = and 

C n (0)C m (0) = C n+m (0), C n (0)^ = C n y, WeH',\/(D, 

(5.3) 

u) s - lim ^ R4 C n (0) = C n P Q , P H = H'. 

Proof. In fact, if F e J-wiP\ given au n , the transformation au n a^l, 
with W"(x) = ZY(x — a), is a Gauss gauge transformation and therefore 
it is implemented by a product of Gauss operators V^{U l ), which 
leave the vacuum vector invariant. Then, the following strong limit 
exists and defines an operator 

S{U n ) = s- lim V ia) , 

a|^oo 

which satisfies 

S{Un)FS{U n )- l ^au n {F), VF e F w , S(U n ) * = *o- 

Clearly, Cu n = V{U n )S(U n ) _1 commutes with Tw, belongs to the 
strong closure of T w and gives V(U n )F^ Q = a Un (F) C Un ^o- 
Since Cu n commutes with Tw-, they are completely characterized by 
their action on ty , where they only depend on the topological num- 
ber n, commute with space time translations and satisfy eq. (5.2), be- 
cause Vipi^)^ 1 V(U n ), and in particular V{U^y l V(U n ), are products 
of Gauss operators, which leave \l/ invariant. 

Any open set contains an open cylinder O, with base Oq, O = Oq x 
(ti, t2), we denote by Ti!{0) the subspace of vectors invariant under 
all the Gauss operators V(U X ), with supp U x C Oq and by P{0) 
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the corresponding projector, which belongs to (the strongly closed) 
TwiP)- Then, as in the proof of Proposition 3.2, one has that VZY, 
V{U X ) V{U) = V{U) V((U') X ), with supp {U') x = supp U x ; therefore 

[V{U),P(O)] = 0. (5.4) 

The operators C n (0) = V(U n ) P(0), with supp U n C O , only depend 
on the topological number n, since gauge transformation U n ,lA' n of the 
same homotopic class supported in Oq differ by a product Ug of Gauss 
transformations with the same support and V(Ug) P{0) = P(0). This 
implies the first of eqs. (5.3). 

Furthermore, since VW, V(U) V{U n ) = V{U' n ) V(U), supp U' n C O , by 
eq. (5.4), one has 

V(U)C n (0) = C n (0)V(U), 

i.e. C n (0) are gauge invariant and therefore belong to A(0). Clearly, 
by construction C n {0) commutes with A. 

Since P(0)V = ^, G Til, and n H\0) = H', the remaining 
statements follow. 

The unitary operators C n are related to the topology of the gauge 
group, but they do not implement the (large) gauge transformations 
on the field algebra; they provide a unitary representation of the gauge 
group modulo the subgroup of Gauss transformations, through opera- 
tors in the commutant, actually in the center, of Tyj- 

The important feature of the operators C n (0) is that of providing 
a representation of the group of gauge transformations localized in O, 
modulo Gauss gauge transformations, through local operators which 
belong to the center Z(0) of the observable algebra localized in O. 
Thus, the non-trivial topology of the gauge group is reflected by a non- 
trivial center of the local observable algebras A{0). 

The above structure implies that the non-trivial topology of the 
gauge group and eq. (4.1) force the breaking of chiral symmetry. 

Proposition 5.2 Chiral symmetry f3 x is broken in any irreducible (or 
factorial) representation of the field algebra Tw, defined by a Gauss 
invariant vacuum, as well as in any factorial (sub-)representation of 
the local observable algebra A in the Gauss invariant subspace Ti! . 
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Proof. If the chiral symmetry (3 is unbroken in 7i, then there is a 
one-parameter group of unitary operators U 5 (X), A G R satisfying 

(3 X (F) = U 5 (X)FU 5 (-X), VFGJ W , f/ 5 (A)^ = ^o- (5.5) 

Such an action of U 5 (X) provides the unique strongly continuous exten- 
sion of [3 X to Tw- Therefore, since the operators S{U n ) are strong limits 
of Gauss operators, which are invariant under chiral transformations, 
by eqs. (4.1), (4.2), one has 

f3\S(U n )) = S(U n ). 

On the other hand, by the localization of the V(U n ), eq. (4.2) applies 
and then eq. (4.1) (for R sufficiently large) gives 

U 5 (X) V{U n )U\-X) = (3\V(U n )) = e l2nX V(U n ); (5.6) 

therefore 

(3\C n ) = U\X)C n U\-X) = e i2nX C n . (5.7) 

This is inconsistent with an irreducible (or factorial) representation of 
Twi where the C n are multiples if the identity. 
Similarly, as a consequence of eqs. (4.1), (4.2), one has 

P\P )=U 5 (X)P U 5 (-X)=P 

and 

P\C n P ) = e l2nX C n P . (5.8) 

Since C n P is the limit of elements of the (strongly closed) local ob- 
servable algebras A(0), it belongs to the center of the representation of 
A in TC'; this implies the instability of any factorial subrepresentation 
of A, under (3 X . 

The link between the non-trivial topology of the gauge group and 
the labeling of the factorial representations of the local observable al- 
gebra (9 sectors) is clearly displayed in a (reducible) representation of 
the field algebra defined by a chirally invariant vacuum state. Such an 
invariance arises in an analysis based on the functional integral formula- 
tion and semiclassical considerations, [4] [5] as well as in rigorous treat- 
ments of soluble models (in primis the Schwinger model [19| [20J [2 1 J ) . 



23 



In general, one obtains chirally invariant correlation functions by us- 
ing chirally invariant boundary conditions in the functional integral in 
finite volume. [22] [1] 

We shall therefore consider the case in which chiral symmetry is im- 
plemented in Tt by a one-parameter group of unitary operators U 5 (X), 
i.e. eqs. (5.5) hold. 

Proposition 5.3 Under the above assumptions the factorial subrep- 
resentations , rco, of A in W are labeled by an angle 9 (9 sectors): 
Ke(C n ) = e l2nd l, 9 G [0, 7r), (the corresponding groundstates are called 
9 vacua). 

Proof. By eq. (5.2), C n = C" and by eq. (5.7) the spectrum of C\ 
is er(Ci) = {e t29 ;9 G [0, 7r)}.This is also the spectrum of the operator 
dP in H', by eq. (5.8). 

The Hilbert space Tif has a central decomposition over the spectrum of 
CiPq in TC'. Thus, one has 

T~C = / d97ig, C n 7~tg = e* 2n6, ?Ye, 
Jee[o,Tv) 

since the spectral measure can be taken invariant under translations 
by eq. (5.7) and by the chiral invariance of the vacuum. By eq. (5.7), 
U 5 (a) intertwines between the sectors 

U 5 (a)H e = H e+a (5.9) 

and satisfies U 5 (n) = (— 1) F , with F the fermion number (= 0, by 
our definition of Fy/). Since the chiral symmetry commutes with time 
translations, the spectrum of the Hamiltonian is the same in all 9 sectors 
and "all the 9 vacua have the same energy". The same decomposition 
applies to the representation of Tw m 7~L- 

Such a picture is exactly the same as in the quantum mechanical 
model of QCD structures discussed in Ref. [22] 

Equation (5.6) provides a correct derivation of the equation 

[V(U n ), Q 5 ]=2n, (5.10) 

which is at the basis of most of the standard discussions of chiral sym- 
metry breaking in QCD. The standard derivation assumes that the 
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gauge transformations of the axial charge density extend to its space 
integral, giving the transformation properties of the chiral charge Q 5 . 
Our derivation of the relation between chiral symmetry and large gauge 
transformations, eq. (5.6), does neither require the (usually assumed) 
convergence of the space integral of Jq to Q 5 , nor that of its exponential, 
which are incompatible with Proposition 3.3. 

It is worthwhile to stress that the breaking of chiral symmetry is 
governed by quite a different mechanism with respect to the Goldstone 
or the Higgs mechanism. In all the three cases the symmmetry com- 
mutes with spacetime translations. However, in the Goldstone case, 
the symmetry breaking order parameter, typically an observable oper- 
ator, has strong enough localization properties (preserved under time 
evolution) and its transformations under the symmetry are generated 
by a local conserved current. In the Higgs case, in positive gauges like 
e.g. the Coulomb gauge, the symmetry breaking order parameter is not 
an observable and it has a non-local time evolution, so that the (time 
independent) symmetry is not generated at all times by the associated 
conserved local Noether current. 

In the axial U(l) case of QCD, contrary to statements appeared 
in the literature, the chiral transformations define a time independent 
symmetry of the observables. The Goldstone theorem, i.e. the presence 
of associated massless Goldstone bosons, is evaded by the impossibil- 
ity of writing the corresponding symmetry breaking Ward identities, 
since the associated conserved Noether current does not exist, only its 
exponentials do (non-regular representation of the field algebra). 

Actually, the chiral symmetry cannot be locally generated by uni- 
tary operators in any factorial representation of the observable algebra, 
because the local observable algebras have a center which is not left 
pointwise invariant under the chiral symmetry. 

In conclusion, the non-regular Weyl quantization provides a strat- 
egy for putting the derivation of the vacuum structure and the chiral 
symmetry breaking in the temporal gauge of QCD in a more acceptable 
and convincing mathematical setting. 
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6 Regular temporal gauge 

As discussed in the abelian case, one may look for an alternative realiza- 
tion of the temporal gauge, by weakening the condition of Gauss gauge 
invariance of the vacuum, so that the corresponding correlation func- 
tions of gauge dependent fields and not only those of their exponentials 
may be defined. 

To be more precise, as before, one introduces a local field algebra 
J 7 , generated by A(f), /* G 5(R 4 ), by the fermion fields, by their 
gauge invariant bilinears, by the axial current Jfj, and by local operators 
V(U), which implement the time independent gauge transformations 
au, eq. (2.7), represent the the group Q and satisfy 

ocu n (MfR a R)) = JoUrUr) + 2n - (6-1) 

We denote by A the gauge invariant (observable) subalgebra of T and 
by Vq a generic monomial of the Gauss operators V{U X ). 

A regular quantization of the temporal gauge is defined by a 
(linear hermitian) vacuum functional 10 on which is invariant under 
space-time translations and rotations and such that its restriction to 
the observable algebra A satisfies positivity, Lorentz invariance and the 
relativistic spectral condition. 

>From a constructive point of view, such a realization of the tem- 
poral gauge may be related to a functional integral quantization with 
a functional measure given by the Lagrangean of eq. (2.1) with the 
addition of the fermionic part (see Section 4). The invariance of the 
Lagrangean with respect to the residual gauge group after the gauge 
fixing A = 0, does not imply the corresponding residual gauge in- 
variance of the correlation functions of J 7 , as discussed in the abelian 
case, |9j [23] since an infrared regularization is needed which breaks 
the residual gauge invariance. Therefore, the Gauss constraint does not 
hold anymore. 

The correlation functions of T given by an ui with the above prop- 
erties define a vector space V = JF^ , with ty the vector representing 
u, and an inner product on it < . , . >, which is assumed to be left 
invariant by the operators V(JA). 

It is further assumed that u> satisfies the following weak Gauss 
invariance: 

u(A V G ) = u(A), VA G A, W G , 



26 



equivalently 

< A o, V G >=< ^4 * , >, VA G A W G . (6.2) 

It follows that the vectors of the the subspace Dp = ^.^o are weakly 
Gauss invariant in the sense of eq. (6.2) and furthermore the space 
time translations U(a) leave T>' invariant. Thus, u defines a vacuum 
representations of A in which the Gauss law holds. 

The weak form of Gauss gauge invariance of the vacuum functional 
allows for the existence of the fields of T as operators on V, but the 
inner product cannot be semidefinite on D (by the argument of Propo- 
sition 2.1). The subspace of vectors $ 6 with null inner product, 
< vp, ^ > = 0, is denoted by X>„. 

Now, there is a substantial difference in the realization of the chi- 
ral symmetry, with respect to the representation defined by a Gauss 
invariant vacuum. Thanks to the weak form of the Gauss gauge invari- 
ance, the (smeared) conserved current may be defined as an operator 
in V = J-'^o and the standard wisdom applies; in particular, for the 
infinitesimal variation S 5 F of the fields under chiral transformations, 
following Bardeen, one has 

5 5 A = % lim [J$(f R a R ), A], MA e A. (6.3) 

In general, the representation 7r^ ^ of the observable algebra defined by 
the vacuum vector \l/ m ay not be irreducible and therefore in order 
to discuss the breaking of the chiral symmetry one must decompose 
it into irreducible representations. Even if u(5 5 A) = 0, a symmetry 
breaking order parameter may appear in the irreducible components of 
7r (o)_ Furthermore, such a decomposition of the vacuum functional on 
A does not a priori extend to a decomposition of the vacuum expec- 
tations < ^o, Jo(fRCKR) A^/ >, since Jq^rolr) is not gauge invariant. 
Thus, one of the basic assumptions of the Goldstone theorem may fail 
and chiral symmetry breaking may not be accompanied by massless 
Goldstone bosons. 

More definite statements can be made under the following reason- 
able assumption, hereafter referred to as the existence of local imple- 
menters of the gauge transformations: 
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i) the subspace V generated by the vectors V(U)T>' , with U running 
over Q, satisfies the weak Gauss constraint and semi-definiteness of the 
inner product, 

ii) if supp U C O, then, V(U) can be obtained as a "weak" limit of 
polynomials F n of A® and ip localized in O, in the following sense 

< ^, V{U)<& >= lim < >, V$,$eD. (6.4) 

n—>oo 

Property i) is supported by the fact that the states defined by the 
vectors V(U)A^ , Aei, are weakly Gauss invariant and positive; in 
fact WA, B,C eA, 

< AV(U)Bty , V G V(U)C^ >=< a u (A)B%, V^C% >= 

=< AB * , C*o >=< A V{U) ^(W) C > • 

The stability under V(IA) of a weakly Gauss invariant subspace, which 
includes V' Q , is automatically satisfied if such a subspace may be selected 
by a gauge covariant subsidiary condition. Weak Gauss invariance of 
V is also implied by the following stronger form of the weak Gauss 
invariance of the vacuum functional 

u(AV(U x )V(U)) = u(AV(U)), VAeA, W A ,W. (6.5) 

Property ii) is supported by the localization of the gauge transforma- 
tions so that the V{U) are local relative to the field algebra, with 
localization region given by the support of the corresponding gauge 
transformation. 

The fields F which leave V invariant also leave the subspace V" of 
null vectors of V invariant and therefore define unique gauge invariant 
operators F in the "physical" quotient space V phys = V/V", which 
is the analog of the Gauss invariant subspace Ti! of the non-regular 
realization of the temporal gauge. Thus, to all effects such fields can 
be considered as observable fields; in the following we shall take as 
observable algebra localized in O, A(O), the algebra of operators in 
T^phys generated by fields localized in O which leave V invariant and as 
observable algebra A = \JqA(0). [24] In particular, the local operators 
V(U n (0)) are weakly gauge invariant and therefore they define unique 
operators T Un (o) G M®) in ^Ws- 
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By the same arguments discussed before, the T Un depend only on 
n, are invariant under space time translations and satisfy 

T n T m = T n+m , T = 1. (6.6) 

Moreover, since one may write V{U n ) = V{U^) Vq, for any local F, 
which leaves Ti' invariant, one has 

f n F = Ff n . (6.7) 

This implies that the T n generated an abelian group Qt and belong to 
the center Z(G) of A(0), VC. 

Furthermore, the local generation of the infinitesimal chiral trans- 
formations, eq. (6.3), implies weak continuity of the derivation <5 5 on 
the local field algebras T{p) and by property ii), the infinitesimal chi- 
ral transformations of the local implementers V(U n ) of the large gauge 
transformations are determined by eq. (6.1), i.e. 

< V, 5 5 (V(U n ) V >= lim < V, 5 5 (F m ) D >= 

m^oo 

lim % < V, [J 5 (f R a R ), F m )]V >=i<V, [J 5 (/^), V{U n )] V >= 



= i2n <V, V(U n )V>, (6.8) 

for R sufficiently large so that /j?(x) = 1 on the localization region of 
U n . Thus, one has 

5 5 (f n )=i2nf n , (6.9) 

and if the chiral symmetry is unitarily implemented in V p h ys the ob- 
servable algebra (in T) v h ya ) has a non-trivial center Z. 

Proposition 6.1 Under the above general assumptions, one has 

i) the non-trivial topology of the gauge group gives rise to a center of the 
observable algebra (in the physical space V p h ys ), which not left pointwise 
invariant under the chiral symmetry, 

ii) the chiral symmetry is broken in any factorial representation of the 
observable algebra, 

Hi) the decomposition of the physical Hilbert space Tiphys = T^phys over 
the spectrum o/Ti defines representations of the observable algebra la- 
beled by an angle 9 G [0, ir), giving rise to the 9 vacua structure, 
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iv) the expectations wo{Jo{fR a R) A) , A e A, with ujq invariant under 
gauge transformations, cannot be defined and a crucial condition of the 
Goldstone theorem fails. 

Proof. Most of the arguments are essentially the same as in the non- 
regular realization. In particular, an unbroken chiral symmetry in a 
factorial representation of the algebra of observable is incompatible 
with the non-trivial chiral transformations of its center. 
By eq.(6.9), the spectrum of T\ is {e l2d , 9 £ [0, 7r), and, even if Jq 
is well defined as an operator in V, the existence of the expectations 
UJ e(Jo(fR a R) A) would lead to the same inconsistency as in eq. (4.4). 

7 The Schwinger model in the temporal 
gauge 

The general features discussed above are exactly reproduced by the 
Schwinger model in the temporal gauge, usually regarded as a prototype 
of the non-perturbative QCD structures; in particular, the assumptions 
about the local implementers of the large gauge transformations hold. 

The bosonized Schwinger model in the temporal gauge is formally 
described by the following Lagrangean density 



where (p is the pseudoscalar field which bosonizes the fermion bilin- 
ears and therefore is an angular variable, and A\ is the gauge vector 
potential. 

The time evolution is formally determined by the following canonical 
equations 



ir = d (p + A 1 , d A 1 = E, d ip = Aip, d E = d ip. (7.2) 



1) Representation by a Gauss invariant vacuum 

As exponential field algebra, we take the algebra generated by the uni- 
tary operators 



W), dxf = n, V A (h), V E (g), V n (g), f,g,h,eV(R), (7.3) 



C = i(<9 y?) 2 - \{d lV f + d i P A 1 + hidoAJ 2 , 



(7.1) 
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formally corresponding to the exponentials e l(fi ( f \ e tAl( - h \ e %E{ - 9 \ e t7T ^ g \ 
respectively, and satisfying the Weyl commutation relations, with above 
restriction on /, required by the periodicity of ip. 
The time independent gauge transformations 

au(V A {h)) = V A (h + Ud{U- x ), U(x 1 ) — 1 G P(R), 

<*u(VM) = Vn(g + Ud 1 U), (7.4) 
ip and E being left invariant, are generated by the local operators 

V(U) = V v (f)V E (-f) = V(f), f = Ud 1 U~ 1 , Jdxf = n. (7.5) 

The gauge functions / with f dxf = 0, i.e. those of the form / = dig, 
g G T>(R), define the Gauss transformations and those with J dxf = n, 
n ^ 0, define the large gauge transformations and shall be labeled by 
the topological number n. Clearly, if U is localized in O, equivalently 
supp/ C O, then V(f) G J-"w(0), so that our assumption of local 
implementability is verified. The dynamics is defined by eqs. (7.2) and 
therefore e ia ^ = e^ - ^^ is independent of time. 
The chiral transformations f3 x are defined by 

P\VMn)) = e i2n X(fn), (7-6) 

all the other exponential fields being left invariant. Thus, as argued 
in general, the anomaly of the gauge invariant axial current ft = d^ip, 
d^ft = e^ v d^A u does not prevent the chiral symmetry from defining a 
one-parameter group of automorphisms of the (exponential) field alge- 
bra and of its gauge invariant subalgebra A, locally generated by the 
unitary operators V#(A) = K-(/r«r). 

The GNS representation of Tw by a Gauss invariant state uj is 
characterized by a representative vector ^ which satisfies 

V(d ig )y = y , geT>(R). (7.7) 

The Gauss invariance of the vacuum vector is independently required 
by the condition of positivity of the energy, using the positivity of the 
state uj and the invariance under space translations. In fact, since V(f) 
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commutes with the Hamiltonian, one can take \l/o as an eigenstate of 
V(f), i.e. V(f)^ = e iA(/) ^ ; then, by introducing 

V(t) = e ia t«9)-^M9)) — y^ e itAa(g)+itfdxA(l-A)g 2 ^ 

one gets 

(V(0)V o , HV(0)V o = i(d/dt)(y(0)* o , V(t)V )t=o = 

= -X(Ag) - J dxA(l - A)g 2 . 

Therefore, the positivity of the energy Wg requires that the functional 
X(Ag) be < 0, V<?, and therefore = 0, since it is linear in g. On the 
other hand, since any / can be decomposed as the sum hi J dxf + 
/12 / dxxf, +A/i 3 , with hi G T>(H), the invariance under space transla- 
tions requires \(h 2 ) = and one gets A(/) = 0, V/ = dig. 

By the same argument of Proposition 2.1, the Gauss invariance 
of the vacuum vector implies the vanishing of all the expectations 
u(FVA(h)), with F any element of the gauge invariant subalgebra A of 
Twi unless h — 0. Hence, we are left with the correlation functions of 
the gauge invariant fields. 

Since eqs. (7.2) imply DE + E = Act, and E is a pseudoscalar field, 
the vacuum correlations functions of E are those of a free pseudoscalar 
field of mass = 1. By the Gauss invariance of the vacuum, the expec- 
tations u)(V(f n ) a t (VE(g)) depend on f n only through the topological 
number n and therefore define operators T n , which are invariant under 
spacetime translations and satisfy T n T m = T n+m . 

The residual arbitrariness is therefore that of the representation of 
the abelian algebra Gt, generated by the operators T n in the subspace 
A^o. The 9 vacua are characterized by the expectations 

uo e {V{f n )A)=uo e {T n A)=e i2ne uo e {A), \/A e A. (7.8) 

On the other hand, the reducible representation defined by a chirally 
invariant vacuum is characterized by the expectations 

Lo(VUn)A) = u(T n A) = 5 n0 u(A), \/A e A, (3 X (A) = A. 

It is easy to check that all the general features of the QCD case 
discussed in Sections 3-5, in particular the evasion of the Goldstone 
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theorem, the breaking of chiral symmetry in any irreducible or factorial 
representation of the observable algebra, as a consequence of the non- 
trivial topology of the gauge group and the 6 vacua structure are exactly 
reproduced. 

2) Regular representation 

As local field algebra T we take the canonical algebra generated by the 
fields Ai(h), E(g), Vp(f), with J dx f = n, do(p(f) with the equal time 
commutation relations 

[Ax(xx,t), E(y 1 ,t)] = iS(xi - yi), 

[VM, (d <p + A 1 )(g)]=i j dx 1 fgV v {f). 

The euclidean functional integral corresponding to the Lagrangean 
of eq. (7.1) yields well defined correlation functions of E and d^tp satisfy- 
ing the (weak) Gauss law constraint. As before, the two-point function 
We{x) of E is that of free pseudoscalar massive field. The correlation 
functions of e l{f involve a zero mode <po and crucially depend on the 
boundary conditions (in finite volume). Any boundary condition satis- 
fying positivity yields the (weak) Gauss law holds for the expectations 
of all the gauge invariant variables. Periodic boundary conditions in 
finite volume give chiral invariant correlation functions and therefore 
for any polynomial function V, 



(for a general discussion of the role of the boundary conditions in QCD 
and in related models see Ref. [25] pQ |22|). 

An infrared subtraction is needed for defining the correlation func- 
tions of A\. The most general two-point function Wa of A\ must sat- 
isfy — (d 2 /dt 2 )WA(x) = We(x) and therefore has the following form 



< e^°V(d lV >,E) >= 6 n0 < V{d x ip,E) >, 




- \i (5(xi) 



- he 



+B(x 1 )x + C(x l ). 



(7.9) 
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Locality requires B{x\) = —B{—x\), C(x\) = C(—Xi). The term linear 
in xo violate positivity. As discussed in the QED case [9] the function C 
can be removed by an operator time independent gauge transformation 
and B = if w is invariant under the CP symmetry T: V((p(xi)) = 
^(-xi), r(Ai(xi)) = A x (-x x ). 

The two-point function < di(p(xi, 0) Ai(yi, 0) > parametrizes the 
infrared regularization of the functional integral corresponding to the 
Lagrangean of eq. (7.1) and can be taken to vanish. Then, all the 
two-point functions involving d\(f and A\ are determined. The corre- 
sponding n-point-functions can be taken as factorized (Gaussian). 

Then, we are left with the correlation functions involving the zero 
mode <£>o, equivalently the correlation functions involving e la ^ n \ 0. 

By the weak Gauss invariance, the one-point function < e 1 ^^ >o= 
s n only depends on the topological number and 

o _ o <T P icr (M p i(T (M \ — ^ piv{fn+fm) „ 

Semi-definiteness of the subspace A^o = V implies that the sequence 
{s n } is of positive type and (since e la ^ commutes with A) the vacuum 
functional on A has the decomposition 

w(A)= dfi(9)u e (A), VA G A, (7.10) 
Jo 

Lu e (e la(M A) = e i2ne w{A), VA = V{d lV) E). 

The representation of A is the same as in positive case; in fact, it only 
depends on the weak Gauss invariance of the vacuum. 

The (non-positive) extension to the gauge field algebra T is given 
by the correlation functions < e la ^ Ax(zi)...Ai(zk) >, z% = (x^\x^). 
For simplicity, we consider the case of a chirally invariant vacuum func- 
tional w. Then, all such correlation functions for n ^ vanish and 
s n = Sno, corresponding to dfi(9) = dO/ir. 

In agreement with the general analysis of Sections 3,4, the chiral 
symmetry cannot be locally generated in the physical space T> v h ys = 
V/V"; in particular, the density of the axial current Jq = d ip + Ai, 
which generates the symmetry on J 7 , cannot be defined there, by the 
argument of Proposition 4.1. Thus, the breaking of the chiral symmetry 
in any factorial representation of the observable algebra does not require 
the existence of massless Goldstone bosons. 
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Since the correlation functions < e ia ^V(di(p, E, Ay) > factorize in 
terms of two-point functions, which satisfy the cluster property, the 
limits of the correlation functions of e ia ^"\ fn( x i) = f n ( x i ~ a ) 5 when 
\a\ — > oo, exist and define the analogs of the operators C n of Section 5. 
Then, by the chiral invariance of w, one has w(C n ) = 5 n o and w may 
be decomposed as a direct integral of (indefinite) functionals wg on J 7 , 
characterized by the expectations wg(C n ) = e l2n6 , which do not lead to 
a decomposition in which the C n are multiples of the identity. Clearly, 
we coincides with the 9 vacuum on A: w$(A) = u$(A), WA e A, but 
represents a non-positive extension to J 7 , which is not invariant under 
the gauge transformations. 

The corresponding chiral symmetry breaking Ward identities 

w 9 ([J%, e*M]) = i2nwe(e^M) = i2ne l2nd ) J 5 R = J*(f R a R ), 

involve correlation functions < Jq(x) e ia ^ n ^ > which are independent 
of time, but the time independent vectors, playing the role of the Gold- 
stone bosons, are equivalent to e l2n6 in the physical space He and 
therefore do not give rise to zero energy states different from the vac- 
uum. Actually, the possibility of writing a chiral symmetry breaking 
Ward identity in terms of a commutator with a current operator in 
the physical space (with the vacuum vector tyg in their domain) is ex- 
cluded, since any such a commutator with e ia ^ n ^ has vanishing vacuum 
expectation. 

It easy to check that all the general features and assumptions of the 
QCD case are realized. 
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